Bipolar magnetic regions are believed to form when ux originating below the solar convection zone rises to the surface in the form of long thin loops. Numerical models of rising ux tubes have been able to explain many observed features of these bipoles, including their angle of tilt relative to the East-West direction. Observations reveal that the mean tilt angle, , varies with both latitude of emergence and with ux, in agreement with simulations. However, observed bipoles also exhibit a considerable uctuation, , about the mean tilt angle. Here we show that tilt angle uctuations can arise in model calculations from interactions with hydrodynamic turbulence during the tube's rise. Numerical simulations indicate that both the magnitude of these uctuations, and their scaling with footpoint separation ( d ?1 ) are consistent with observations. Best agreement with observations occurs for ux tubes whose magnetic eld strength is similar to those used in other numerical investigations, B 0 30 kG. Furthermore, the agreement with observation suggests that turbulent velocities throughout the convection zone are consistent with those derived from mixing length convection models.
Introduction
It has long been known that magnetic ux appears at the solar surface in the form bipolar regions. These are thought to represent the apices of magnetic ux tube loops which have risen from deeper regions. A model for the dynamical behavior of a single ux tube was introduced by Spruit (1981) and has been re ned and explored by many other authors (Moreno-Insertis 1986; Choudhuri and Gilman 1987; Choudhuri 1989; Chou and Fisher 1989; D'Silva and Choudhuri 1993; Fan et al. 1993; Fan et al. 1994; Sch ussler et al. 1994; Caligari et al. 1995) . Numerical solutions of these dynamical equations have provided a description of the process of ux emergence ending in the formation of a simulated bipole. A particularly compelling aspect of these numerical simulations is their close quantitative agreement with some observed properties of bipolar magnetic regions.
A typical numerical solution begins with a single isolated ring of purely toroidal ux encircling the sun at some initial latitude, 0 , and at an initial depth just beneath the unstably strati ed convection zone (CZ). Under certain conditions this ring is dynamically unstable; a small perturbation in which a section of the tube is displaced upward will grow in time (Sch ussler et al. 1994) . The rising portion of the tube forms an archlike loop which continues through the CZ at a rate determined primarily by a balance between upward buoyancy and downward aerodynamic drag. Eventually, the loop emerges through the photosphere and the two points where its legs pierce the surface form a classic magnetic bipole.
The tilt angle, , of a bipolar magnetic region is de ned by its orientation relative to the solar equator. Bipoles at high latitude, , generally have larger tilt angles; this relationship is known as \Joy's Law"(see e.g. Zirin 1988). More recently it has been shown by Howard (1993) , D'Silva and Howard (1993) and Fisher et al. (1995) that the tilt angles of bipoles at a given latitude vary with the polarity separation distance, d. Fisher et al. argue { 4 { that d can be regarded as a proxy for the magnetic ux, . Observed mean tilt angles can therefore be characterized by an empirical function of both latitude and ux (Fisher et al. 1995) , ' ( ; ) / 1=4 sin : (1) This observed behavior can be readily explained using the model of isolated ux tube emergence. The bipole's East-West orientation is due to its origin as a purely toroidal ux tube and its tilt angle, , is caused by the Coriolis force acting on the tube's expanding plasma. The tilt angle depends on latitude in the same way that the Coriolis force itself does. Detailed numerical simulation of emergence reveals quantitative agreement with observed latitudinal variation (D'Silva and Choudhuri 1993) . The tube's total ux determines its rate of rise (through its radius and therefore its aerodynamic drag) and the relative magnetic tension which counteracts the tilt. Numerical simulation shows that these e ects indeed produce tilt angle variation with ux in good agreement with observation (D'Silva and Choudhuri 1993; Fan et al. 1994; Fisher et al. 1995) . Best agreement was achieved using ux tubes whose eld strength at the base of the CZ was B 0 ' 60 { 160 kG (D'Silva and Choudhuri 1993) or B 0 ' 20 { 50 kG (Fan et al. 1994) . Importantly, observations also reveal signi cant uctuation in bipole tilt angle. A collection of bipoles observed at the same latitude, and with the same ux, will have a distribution of di erent tilt angles. The mean of this distribution de nes the functional dependence, ( ; ), discussed above. However, the standard deviation of the distribution ( ; ) h ? ( ; )] 2 i 1=2 ; (2) is often comparable to, or even greater than its mean. This spread, , is much greater than the measurement errors in the tilt angle, and therefore must have a physical origin. Empirically Fisher et al. (1995) found to be independent of latitude, but to vary signi cantly with polarity separation (assumed proportional to ux). The origins of these { 5 { uctuations and of their dependence on o ers further insight into the process of ux emergence.
Hydrodynamic turbulence in the CZ is one likely source of the observed tilt angle uctuations as suggested by Fisher et al. (1995) . The ux tube will be bu eted by the surrounding medium as it rises. This will lead to random distortions in its axis which will manifest themselves as a random component in the observed tilt angle. In all of the numerical simulations to date, the ux tube rises through a model atmosphere with static thermodynamic properties and no uctuating velocity. The atmosphere's thermodynamic properties are determined, in a separate calculation, using a model of stellar structure which does include the e ects of turbulence on mean heat transport. Some e ort has also been made to quantify the e ects of small scale turbulence on the mean ux tube dynamics, through such e ects as turbulent drag (Moreno-Insertis 1983; Choudhuri and D'Silva 1990) . However, there has been no attempt to estimate the distortions caused in the rising ux tube by the turbulent medium it through which it rises.
In what follows, we will demonstrate the e cacy of CZ turbulence at producing tilt angle uctuations, and show that these uctuations do vary in a manner consistent with observations. To simplify the calculation, we will consider a purely horizontal ux tube rising through a planar atmosphere. Were the atmosphere static such a tube would remain perfectly straight and horizontal; we will use this as the lowest order in a perturbative treatment. The turbulent velocity of the external atmosphere, u e (x; t), is then introduced as a perturbation and the resulting distortions to the ux tube are calculated to this order. Since this simpli ed ux tube is not arched as it rises, it will not pierce the photosphere at two distinct points to form a bipole. Instead we pick two arbitrary points on the horizontal tube, separated by a distance d, to serve as bipolar footpoints. The distance d is chosen to be consistent with observed properties of bipolar active regions. The line connecting these two points will de ne the tilt angle, . The statistical properties of this uctuating angle { 6 { will then be compared to observed tilt angle dispersion.
The next section presents a formal description of this perturbation calculation concluding with a deterministic relationship between the velocity eld of the external medium, u e , and the bipolar tilt angle . Section 3 describes a method for generating multiple realizations of the velocity eld whose collective properties mimic the statistics of the actual CZ. Performing the calculation for each realization will produce a distribution of tilt angles. Because of the simpli ed low order dynamics, the average of this tilt angle, h i, will vanish. However, its standard deviation, = h 2 i 1=2 , will not. In x4 a numerical implementation of the perturbation calculation is used to nd for ux tubes of varying magnetic ux, . These values can be compared to observed tilt angle uctuations.
The Model
A thin ux tube can be described as a curve in space, r(s), parameterized by distance, s, along itself. The instantaneous velocity of a tube element is denoted by the vector, u = (u; v; w), while the velocity of the external medium at the same point is denoted, u e = (u e ; v e ; w e ). An equation for that component of the velocity perpendicular to the tube's local tangent is (Spruit 1981; Choudhuri and Gilman 1987) 
where a is the radius of the tube's cross section and C D is the coe cient of aerodynamic drag. The local tangent vector,t, and curvature vector, k, are de ned t @r @s ; k @ 2 r @s 2 :
The total time derivative is taken in a frame following the local tube element. The vertical coordinate, z, increases downward, denoting depth beneath the photosphere.
{ 7 {
The rst term on the r.h.s. of (3) represents the buoyancy of the tube. The di erence between internal and external mass densities, i ? e , is assumed to be much smaller than either of them = e ' i . Gravity acts with an acceleration, g = g(z), in the downward (ẑ) direction; in eq. (3) the force is projected into the plane perpendicular tot. For a buoyant tube ( < 0) the actual acceleration will be upward.
The second term represents the magnetic tension which acts in the direction of curvature of the tube and is thus naturally perpendicular tot. Its coe cient is the square of the wave speed of transverse tube waves v t B p 8 ;
where B = = a 2 is the magnetic eld strength of the tube. This speed is slower by a factor 1= p 2 than the speed of transverse Alfv en waves due to the e ect of displacing external uid (Ryutov and Ryutova 1976) .
The nal term represents the aerodynamic drag as the tube slips through the external medium (Parker 1975) . At high Reynolds number the coe cient of drag approaches a limit of order unity (Batchelor 1967) ; for simplicity we will henceforth take C D = 1.
Zeroth order: The unperturbed rise
The rise of a straight, horizontal (t =x) ux tube, through a static atmosphere, which forms the lowest order in this calculation, has been studied in detail by Moreno-Insertis (1983) . Neglecting inertia the tube rises at its terminal velocity
This terminal velocity depends on the tube's present depth, z = z 0 , which is itself determined by the rise, dz 0 dt = ?v (z 0 ) :
The tube is horizontal and cannot be drained by axial ows so conservation dictates that the mass per unit length must remain constant (we will consider the relaxation of this assumption in x4.3). Furthermore, since the internal and external mass densities are approximately equal, the tube's radius is an explicit function of depth, a(z) = a 0 q 0 = (z), where a 0 and 0 are the radius and (external) mass density at the beginning of the rise, and (z) is the mass density of the local atmosphere.
The tube's relative overdensity, = , must be determined by instantaneous balance of pressure between inside and outside the tube, p e = p i + B 2 =8 , which can be expanded about small di erences of density and temperature to give,
The magnetic eld, B, can be found readily from the ux, , and the tube radius, a(z).
The temperature di erence, T, will evolve both through the adiabatic expansion of the tube, compared to the super-adiabatic temperature gradient of the CZ, and also through thermal di usion,
where th is the radiative cooling time for a cylindrical ux tube . For ux tubes larger that 10 20 Mx this time scale is typically very long and the tube's thermal relaxation is unimportant (Moreno-Insertis 1983; Fisher et al. 1989 ).
We choose to specify the initial temperature di erence in terms of the fraction, 1 ? , by which it counteracts magnetic buoyancy 
For = 1 the tube would begin at the same temperature as its surroundings (Moreno-Insertis 1983) while for = 0 the tube would be in mechanical equilibrium, ( = 0), until the e ects of thermal di usion came into play. Typically we choose to operate in the regime { 9 { 0 < < 1, for which the tube is cooler than its surroundings, but not enough to completely negate its buoyancy.
We use the CZ model of Spruit (1974) 
Theŷ component of the external velocity, u e (r; t), has been written as a function of only x and t by evaluating it along the unperturbed trajectory, z = z 0 (t), described abovẽ v e (x; t) v e x; y=0; z =z 0 (t); t] :
Therefore the time dependence ofṽ e enters both through genuine time dependence and through vertical spatial dependence of the external velocity, v e , which is sampled by the rising tube.
{ 10 { Equation (10) 
allows eq. (10) to be rewritten in terms of the mode amplitudes, y q + _ y q + v 2 t q 2 y q = ṽ e q (t) ; (13) where the over-dot indicates time di erentiation. The aerodynamic drag results in a damping coe cient, , de ned as
Equation (13) is formally equivalent to a driven, damped, harmonic oscillator; the oscillations representing tube waves of given wavelength. The driving function,ṽ e q (t), is a noise source so eq. (13) actually represents a randomly driven harmonic oscillator, (a problem treated extensively in the literature, see e.g. Wax, 1954 ). An additional complication in this case derives from the time variation of the coe cient , which results from its dependence on z = z 0 (t).
The oscillator equation, (13), must be integrated in time as the tube rises from z = Z 0 to z = Z 1 , beginning with a perfectly straight ux tube, y q = 0. Since eq. (13) provides no coupling between modes, each mode will evolve independently in response to its own time varying driving, ṽ e q (t). Figure 1 shows the evolution of perturbations for a single realization of the driving function. The driving function is generated in a manner which simulates the CZ turbulence, as described in x3. Near the beginning of its rise ( Figure 1a) the tube is relatively straight. As it rises, the driving excites each mode, causing the tube to become increasingly distorted. At the depth of z = Z 1 ' 30 Mm the rise is terminated; this represents a rise time of t = 5:7 10 6 sec (67 days).
{ 11 {
Tilt angle
Because the ux tube is primarily horizontal it cannot truly emerge through the photosphere in the manner of a bipole. Instead, two points separated by a distance, d, are arbitrarily selected to serve as the footpoints of the bipole. The bipolar tilt angle, relative to its original orientation, is
where we have assumed (d) is a small angle. The last expression can be interpreted as the derivative, dy=dx, at x = 0, averaged with a lter function whose cuto , q = 2 =d, is de ned by the footpoint separation.
As a method for choosing d we turn to an empirical relationship between active region magnetic ux and polarity separation (Howard 1992). Using Mount Wilson daily magnetographs spanning the years 1967{1990, Howard deduced a relation between the total unsigned ux of plages, F T = jF + j + jF ? j, and the distances between the ux weighted centroids of each polarity, d (Howard 1992) . Using 12,025 observations (plage-days), which excluded regions with complex magnetic geometry, he found the linear relationship (x3.1.3 and Figure 
where d is in Mm. Howard estimates that the error in the coe cient of proportionality is 0:9%, and notes that the minimum separation, d = 25 Mm, could be due to interaction with supergranules. An emergent tube with ux would form a bipolar region with total unsigned ux F T = 2 , yielding the relationship
where d 0 = 46:6 Mm and d 0 = 25:0 Mm according to Howard. We admit the possibility that the polarity separations of spot groups, used in Fisher et al. (1995) , and those of of plages { 12 { could di er systematically. Nor is it clear that the measured properties of active regions, such as their magnetic ux, are directly equivalent to the properties of our theoretical ux tube. However, we know of no accepted means of correcting for these potential inaccuracies and therefore eq. (17) is presently the best relationship possible. Therefore we will apply this expression and bear in mind that it is probably only roughly accurate. Henceforth, eq.
(17) will be used to determine d from the ux of the active region. In this way a ects the angle both through the dynamics of the unperturbed tube and through the nal footpoint separation. In x4.3 we consider possible variations in d 0 .
The value of (d) corresponds to the observed tilt angle only after the perturbation amplitudes, y q , have been evolved from z = Z 0 to z = Z 1 . Thus in Figure 1 the tilt angle corresponds to that made by the two squares on curve f: (d) = ?10:3 . This represents a single realization of the tilt angle corresponding to a single realization of the turbulent velocity eld,ṽ e (x; t). By generating many realizations of the velocity eld, with statistical properties appropriate to CZ turbulence, it is possible to de ne an ensemble average, h i.
The properties of the turbulence should be invariant in the horizontal (x) direction. This invariance will be inherited by the distortions, y(x), leading to the relations hy q i = 0 ; hy q y q 0 i = hjy q j 2 i q;q 0 ;
where q;q 0 is the Kronecker . Averaging eq. (15) 
Thus the tilt angle uctuation, , can be found by computing the average magnitudes of the Fourier amplitudes, y q , after a complete rise of the ux tube.
The expression for tilt angle variance, (19), can be approximated as an integral of the { 13 { spectral density, E(q) q 2 hjy q j 2 i= q,
where q is the separation between successive wavenumbers in the sum. In eq. (20), the spectral density is multiplied by a low pass lter function, Sc(x) sin(x)=x, whose cuto , q = 2 =d, is determined by the separation of footpoints. To calculate this variance it is necessary to nd the spectral density which will be done below using a Monte-Carlo technique.
The Turbulent Velocity Field
During its rise the tube is subject to bu eting by the turbulent velocity, entering as the driving term in eq. (13). At the bottom of the CZ this turbulence is large-scale and slow, causing distortions primarily at low wavenumbers. At the end of its rise, the tube spends a brief period in the upper portions of the CZ where it bu eted more vigorously by turbulence of smaller scales. The nal spectral density, E(q), will be a manifestation of the amplitudes and scales of the turbulent bu eting su ered by the tube during the course of its rise.
Turbulence in the convection zone has been traditionally modeled using mixing length theory (see, e.g. B ohm-Vitense, 1958) . This characterizes the turbulence by a single vertical velocity, v ml , and vertical correlation length, l ml at each depth. In general, l ml is proportional to the local pressure scale height, H p . Mixing length theory has been used rather successfully to calculate the radial heat ux due to convective motions in models of mean stellar structure. In such models the amplitude of the turbulence, v ml , is determined along with the thermodynamic properties of the atmosphere. In spite of its admittedly crude representation of hydrodynamic turbulence, its inclusion in the calculation of the { 14 { background atmosphere (Spruit 1974) makes the mixing length model the logical turbulence model to use forṽ e q (t).
The external velocity function,ṽ e (x; t), is a random function of space and time. In the deeper regions of the CZ, it should have small amplitude and vary slowly in space (x). The amplitude should increase, and the variation scale should decrease during the course of the tube's rise. Aside from the changes in its average properties (amplitude and length scale), the function should also have a random component to its time variation. This variation should become more rapid during the rise as the turbulence becomes faster and of smaller scale.
In our calculation, we will model the CZ turbulence by generating a random function of space and time,ṽ e (x; t), which behaves in the manner described above. We will generate this function, with speci ed statistical properties, by combining three distinct elements. At the heart of this combination will be a random function of space and time, W(x; t). At a speci ed point, x, this function varies (randomly) in time with a speci ed correlation time, t c , described below. From point to point, however, the function is uncorrelated; it is spatial white noise. The spatial structure of the turbulence derives from a lter function, F, with which the white noise is convolved. The ltered white noise will then be correlated over the length scale de ned by F; this will be the current mixing length, l ml . Finally, to give the function the appropriate r.m.s. amplitude the ltered noise will be multiplied by the local mixing length velocity, v ml . In Fourier space, the convolution becomes a product, and the three elements are easily combined, v e q (t) = v ml (t) F q l ml (t)] W q (t)] : (21) The argument of the noise function, , is the cumulative number of correlation times,
{ 15 { Thus, uniform variation w.r.t. its argument, , enables W q to vary in time with any characteristic time scale, t c .
Traditional mixing length theory describes only the amplitude, v ml , and the length scale, l ml , of the turbulence. The natural choice for a temporal uctuation scale is the eddy-turnover time, l ml =v ml . The temporal variation ofṽ e (x; t), however, derives both from the temporal variation of the external turbulence itself and from the motion of the tube through vertical variations. The latter variation will have a time scale l ml =v which can be combined with the eddy-turnover time into a single e ective correlation time, t c l ml
Using this de nition the full rise depicted in Figure 1 spans only ' 8 correlation times.
The noise function, W q ( ), is generated using an algorithm (described in an Appendix) based on a discrete Langevin equation. This algorithm uses a sequence of pseudo-random complex numbers, r 0 ; r 1 ; r 2 ; , generated using a standard algorithm. For each wavenumber an independent sequence of random numbers is used; this makes the resulting noise functions statistically independent, h W q ( ) W q 0 ( 0 )i = 0 if q 6 = q 0 ;
where the angled brackets here denote an average over realizations of the noise (i:e: of the random sequences). 
As a result of projection, the horizontal functionṽ e (x; t) has structure at all scales longer than the mixing length, even though the original turbulence, v e (r), had structure only at that one scale. Figure 2 shows one particular realization of velocity function,ṽ e (x; t), generated according to the prescription (21). The dashed lines indicate the levelṽ e = 0 at each time while the dotted lines showṽ e = v ml . The amplitude of the turbulence, as characterized by v ml , can be readily seen to increase throughout the rise. The horizontal bars show the mixing length, l ml , which characterizes the scale of uctuations inṽ e (x). This length decreases throughout the rise. This realization is the same one used to nd the horizontal perturbation, y(x; t), shown in Figure 1. 
Results

The Monte-Carlo algorithm { 17 {
We have written a computer program to carry out the Monte-Carlo calculation outlined above. For convenience, the ux tube is taken to be periodic over a speci ed length, L. This de nes the set of wavenumbers, q = m q, where m is an integer and q 2 =L. It will be shown below that the results do not depend on the value of L, so it should be chosen as large as possible to achieve the best resolution of the spectrum, hjy q j 2 i. Although the spectrum must be restricted to a nite range, ?M m M, if this cutto is taken to be large enough, M L=l ml (Z 1 ), then the amplitudes of the excluded wavenumbers will always be zero owing to the cuto in F q , making the calculation exact. For y(x; t) to be real we require y ?q = y q .
The equation of motion, (13), for each of the M + 1 (complex) Fourier modes is integrated in time using a second order leap-frog method. The random velocity function, v e q (t), for each mode is generated according to the algorithm described in x3. This can be done so as to keep the time level ofṽ e q even with that of y q even though the integration time steps, t, are not related to the increments, $, used in W q ( ) (see Appendix). Equations for the unperturbed ux tube, (6) and (8), are integrated simultaneously and properties of the atmosphere found at the present depth from a CZ model. These integrations all begin with the ux tube at z 0 = Z 0 and proceed until it reaches the e ective top of the CZ at z 0 = Z 1 .
This integration is repeated with N di erent realizations of the driving functionṽ e q .
The average square amplitude, hjy q j 2 i, is estimated by averaging jy q j 2 from each run. Since y q has a Gaussian distribution (see Appendix), the fractional error in an estimate of hjy q j 2 i will be 1= p N. The tilt angle variance, h 2 i, is a sum of modes drawn principally from the range jmj < L=d, so its fractional error will be less than that of each term by up to a factor q d=L (typically 1=5). (Figures 3a and 3b ) it is bu eted by only long wavelength turbulence leading to a spectrum strongly peaked at low wavenumbers. The mixing length cuto , at wavenumber q ml , is evident in both of these spectra. As the tube rises it experiences turbulence at increasing wavenumbers causing the wings of spectrum to grow most quickly. By the end of the rise, Figure 3d , the spectral energy density is roughly constant (E(q) ' E = 0:85 Mm) over the lowest range of wavenumbers. The tilt angle uctuation, = 14:8 0:13 , is found when the detailed spectrum is used in eq. (19).
Variation of parameters
The value of tilt angle uctuation, , depends to varying degrees on the values of each ux tube parameter. The length of the ux tube, L, determines the resolution with which the spectral density, E(q), is sampled. Additional runs in which that value is varied between L = 600 Mm and 4800 Mm yield values of which di er by less than their statistical errors. Therefore, we may conclude that L has no e ect and continue to use L = 1188 and M = 128.
The parameter Z 1 de nes the \top" of the rise, and was chosen to be 0:15 Z 0 = 30 Mm in consideration of the thin tube approximation. There is an indication in Figure 3 that this choice may not be critical since the relevant portion of the spectral density (i.e. q 2 =d) does not change after z 0 = 0:25 Z 0 . In fact, using instead the value Z 1 = 0:2 Z 0 yields a value of smaller by only 3%, while continuing the integration to Z 1 = 0:1 Z 1 (ignoring for the moment the tube's lack of \thinness") increases by less than 1%. Because our speci c choice of Z 1 is not critical we continue to use Z 1 = 0:15 Z 0 for consistency.
The parameter is used to characterize the tube's initial temperature de cit, and its { 19 { correspondingly diminished buoyancy. Increasing this from = 0:5 to = 1:0 ( T 0 = 0) makes the tube initially twice as buoyant. As a result the tube's rise time decreases from 67 to 40 days, but increases by only 6%. Likewise, reducing the buoyancy to = 0:4 increases the rise time to 86 days, but only decreases by 5%. However, below a critical value, cr (0:35 for B 0 = 30 kG) is a regime with dramatically longer rise times for which runs are computationally demanding. This regime occurs because beginning with very low initial temperature leads to a point, (z ' 0:59 Z 0 in this case), where the tube is only neutrally buoyant, = 0. After that the tube rises only slowly as it is heated by thermal di usion. This regime of di usive rise is an artifact of using horizontal tube which cannot drain as it rises, so we will restrict consideration to the buoyancy dominated regime, > cr . Within this range is relatively insensitive the and the value = 0:5 will be used.
Variation of the remaining two parameters, and B 0 , has the most relevance for our investigation. Three series of runs were done in which B 0 was held xed (within a series) and was varied from 0:25 10 21 Mx to 8 10 21 Mx. The value of initial magnetic eld in these series were B 0 = 20, 30 and 40 kG. Figure 4 shows the tilt angle uctuation, , for each series, plotted as a solid curve. To facilitate comparison with observed active region tilt angle dispersions eq. (17) is used to plot the results versus polarity separation, d, rather than . The statistical error from each run is around the 1% level similar to the example above. Fisher et al. (1995) used Mount Wilson sunspot data from the years 1917{1985 to calculate bipolar tilt angles and their intrinsic uctuations, . These uctuations, from high, medium and low latitudes, are shown in Figure 4 along with their error bars. These correspond exactly to the data points shown in Figure 4 of Fisher et al. 1995 , but are plotted here on a linear scale. Our model calculation with initial magnetic eld B 0 = 30 kG comes the closest to the data. This is within the very same range of eld strengths found to best t the observed mean tilt angles in numerical simulations of Fan et al. (1994) . 
where eqs. (7) and (9) 
The magnetic tension, buoyancy and the aerodynamic drag all scale with B 0 and , but in ways which di er from the scaling of v 0 . When p E is plotted against these quantities, instead of against v 0 , the three runs do not fall along a curve. This indicates that, in the present parameter regime, E is determined chie y by the tube's rise rate and not by tension, buoyancy or drag.
{ 21 {
The rise rate determines the amount of time spent in each portion of the convection zone, scaling roughly as t 1=v 0 . The quantity p E scales with the r.m.s. displacement for each Fourier mode at the end of its random walk. The random walk for a single Fourier mode, eq. (13), could fall into one of three possible regimes, each characterized by a di erent expected scaling between the r.m.s. amplitude and time. It could be dominated by a single uncompleted step ( p E t), it could consist of multiple uncorrelated steps ( p E t 1=2 ), or it could reach an amplitude large enough for magnetic tension to saturate it, ( p E t 0 ). The empirical t, (30), suggests the rst case, implying that the portion of the rise which is relevant for exciting a given mode probably lasts at most a single correlation time.
Combining the t in eq. (30) Fisher et al. (1995) from observed tilt angle dispersions. In fact, the polarity separations in Figure 4 are not all that large and expression (31) is not a pure power-law in d. Nevertheless, the model curves are well t by a power-law over the rather small range shown. In each case this power-law turns out to be close to d ?1 ; for B 0 = 30 kG a least-squares t gives 10:9 (d=100 Mm) ?0:98 .
In summary, the variation in tilt angle uctuation, , with parameters, and B 0 derives from two e ects. First, is related to the polarity separation, d, which directly determines the range of spectral density contributing to . Secondly, both parameters e ect the rate of rise and thereby the amount of time the tube spends amidst the turbulence. { 22 { Together these two e ects lead to tilt angle angle uctuations which scale inversely with polarity separation.
Variability and robustness of the model
The model described above provides a manner of quantifying the e ects of turbulence on a rising ux tube. The details of the model were chosen for expediency and for self consistency; it is not the most accurate possible, and could be modi ed in several ways. Any modi cation, however, would tend to make the calculation as a whole less self consistent. Furthermore, the qualitative behavior of the model, varying inversely with d, arises from fundamental aspects which would also be present in modi ed models. To demonstrate this we have conducted sets of runs using alternative versions of the basic model described above.
The choice of a purely horizontal tube was motivated primarily by the simpli cations arising from Fourier decomposition of the rst order perturbation, y(x; t). To remain consistent with this choice, the zeroth order rise was also taken as a that of purely horizontal ux tube (x2.1). Such a solution is quite di erent from the more realistic rise of an arched tube whose apex can partially drain as it rises. To remedy this we propose an alternative model, FFM, which uses a more accurate zeroth order solution combined with the straight horizontal rst order calculation.
This model begins with a full nonlinear solution of a three dimensional tube rising through a static atmosphere (taken from the same CZ model). Using the code described in Fan et al. 1993 and Fan et al. 1994 , solutions are found for tubes of varying ux, each beginning at 10 solar latitude and with a eld strength of B 0 = 30 kG. These time dependent solutions consist of rising arches described in Fan et al. 1993 and Fan et al. 1994 . The depth and eld strength at the tube's apex are used to de ne the functions z 0 (t) and { 23 { B(t) = = a 2 , and an analog for the terminal velocity is de ned as v (t) ?dz 0 =dt. These three functions of time are recorded and used to repeatedly solve the rst order equation, (13), in the manner described above. The estimates of average spectra, hjy q j 2 i, are then used to calculate values of which are shown in Figure 5 .
Our second modi ed model, CM, improves the assumed turbulent velocity spectrum used to generate the random driving function,ṽ e q (t). Assuming the CZ turbulence to be isotropic and monochromatic (i.e. con ned to wavenumbers of a single magnitude) lead to the lter function, F q , given in expression (27). That turbulence driven by buoyancy should be isotropic might be surprising; however, direct numerical simulation by Cattaneo et al. (1991) shows it to be the case. Speci cally, Cattaneo et al. found that compressible convection consists of interspersed narrow plumes of cooler plasma draining rapidly downward, amidst turbulent plasma whose velocity spectrum appeared nearly isotropic. However, the velocity spectrum of this material was not monochromatic; rather it had a Kolmogorov form at high wavenumbers. Nevertheless, we chose to use a monochromatic spectrum in the basic model because it is most literally consistent with the mixing length theory used to derive the atmospheric properties (Spruit 1974) . Heat transport by a full spectrum of hydrodynamic turbulence leads to a stellar atmosphere di erent from that of mixing length theory (Canuto and Mazzetelli 1991).
Canuto and Mazzetelli have numerically determined the turbulent energy spectrum, E(k), appropriate to actual stellar convection zones (Canuto and Mazzetelli 1991). The spectra they found, far from being monochromatic, can be modeled approximately as
where C is determined by normalization. This consists of a Kolmogorov spectrum above the wavenumber of energy injection, k 0 , and energy equipartition below that. Setting the injection wavenumber to be k 0 = q ml = 2 =l ml and projecting the spectrum onto a single 
At low wavenumbers, this function is 40% smaller than the monochromatic version, (eq. 27]), because its turbulent energy is more broadly distributed. Since only depends on the low wavenumbers (i.e. q < 2 =d) the use of eq. (33) in place of eq. (27) will lead to tilt angles which are 22% smaller (see the CM points in Figure 5 ). In spite of this, the tilt angle uctuations still scale inversely with d.
Throughout this calculation it is necessary to use a model of the average properties of the CZ. We have chosen the model from Spruit 1974 because it is well known, has been used in other models of ux tube emergence, and has a depth, Z 0 , consistent with recent helioseismological estimate of 199:7 2:1 Mm (Christensen-Dalsgaard et al. 1991) . Numerous models of the CZ have been published since 1974, any of which could have been as easily used. The calculation of involves the entire CZ in a way which is likely to be insensitive to details of a particular model. The two features of any model with the most in uence on are its depth, Z 0 , and its mixing length velocity, v ml .
To explore this dependence a set of Monte Carlo calculations, which we denote STX, were done using a di erent CZ model; this one is taken from Stix 1989 (Table 6 .1). Unfortunately this model has a depth, Z 0 = 182 Mm, which is too shallow and (possibly as a result) has mixing length velocities which are larger than Spruit's by a factor 2:2. By itself this should increase by a similar factor. However, this e ect is molli ed by ux tube rise times which are about 40% shorter. Together these e ects result in tilt angle uctuations which are about 35% larger than the basic model (see the STX points in Figure  5 ). Once again the uctuations scale inversely with d. (17) . This is one half of the value found by Howard (1989) , however, the resulting uctuations have decreased by only 18%. A similar series of runs (not shown) using a value twice that of Howard, d 0 = 93:2 Mm, results in a uctuation increase of 18%. In each case the uctuations scale inversely with d. We maintain that Howard's values are the most likely, however, these alternative runs serve to show how little the results depend on speci c values.
Discussion
The calculations above have shown that thin ux tubes rising through a turbulent CZ will emerge with tilts distributed over some range of angles, . The uctuations arising in such a model agree with observed tilt angle dispersion both in magnitude and in their scaling with polarity separation. The scaling found in the model, d ?1 , arises from a combination of two e ects. First, a larger separation of polarities averages over small scale wiggles in the ux tube, making it appear straighter. Second, tubes with more ux, and hence larger separations, rise faster and are subject to turbulent bu eting for a lesser time.
To give a quantitative demonstration of this e ect, we carried out calculations using a simpli ed model of a rising thin ux tube. This model considers only small perturbations to the tube's axis, making it linear in the random quantities. This assumption would seem to be justi ed by the fact that the majority of observed tilts are small angles, sin( ) 1. The tube was also taken to be perfectly straight and horizontal. Since the apex of a rising loop is horizontal, this is not too drastic an approximation. However, there are di erences between the dynamics of a horizontal tube and an arched loop capable of draining into its legs. We have tested the e ect of this discrepancy using our FFM model in x4.2.
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Another limitation is that a straight and horizontal tube cannot emerge as a true bipole. We compensate for this by employing an empirical relationship between ux and polarity separation, eq. (17). In x4.3 we investigate possible variations in this relationship.
In reality this relationship will probably be statistical: d 0 and d 0 would be random variables.
In this case the results would resemble a model using hd 0 i and hd 0 i, but also having sources of uctuation arising from h(d 0 ) 2 i and hd 2 0 i in addition to uctuation induced by turbulence.
We have no information about the statistical component of Howard's relationship, so we have chosen not to incorporate it.
Only in the linear and straight limit can our uctuations be added to the mean values from more detailed calculations, as we have implicitly done. In future work we are planning to conduct more rigorous calculations which will directly compute the uctuations on a nonlinear rising ux tube.
For the sake of simplicity we chose a model for the turbulent velocity which was isotropic and had a spectrum consistent with mixing length theory. We showed, through our CM model, that more realistic velocity spectra produce tilt angle uctuations which are not signi cantly di erent. Numerical simulations have shown that, in addition to a well developed, isotropic component, buoyancy driven turbulence contains concentrated coherent down ows (i.e. \plumes") (Stein and Nordlund 1989; Cattaneo et al. 1991) . However, these structures are found to occupy a small fraction of the CZ volume, their velocity is primarily vertical, and they are small, therefore able to e ect only high wavenumbers in hjy q j 2 i. For all of these reasons the down ows are unlikely to contribute to bipole tilt angles and we have chosen to neglect them in our model.
Given the crude nature of our model its results should be accurate only to factors of two or three. Nevertheless, its agreement with observation in both magnitude and in scaling behavior does have several implications. First, it indicates that the amplitude of turbulent { 27 { velocities which we take from mixing length theory are not grossly erroneous. As such, this calculation provides one of only a few pieces of evidence with direct bearing on the level of turbulence in the unobservable regions of the Sun. Perhaps, with more detailed models, the observed tilt angle uctuations can be used to probe the structure of CZ turbulence. This would provide an important point of comparison for future helioseismological measurements of interior velocity elds to be undertaken using GONG and SOI-MDI on SOHO.
Interaction with hydrodynamic turbulence is only one possible source of tilt angle uctuations, but our calculations suggest it is the principle contribution. There could also be scatter in the orientations of the initial ux tubes before they enter the CZ, since there is no reason to believe that the solar dynamo produces toroidal eld which is perfectly straight. Furthermore, the turbulence in the overshoot region (about which less is known, even, than the CZ turbulence) will certainly distort the incubating ux tubes. These e ects could be added to the present model through a random initialization of y q . However, our results suggest that these initial distortions are less signi cant than those incurred during the subsequent rise.
Intrinsic variation in ux tube parameters, such as B 0 or T 0 , will also lead to tilt angle uctuations. However, this has been shown by Fisher et al. (1995) to be a small e ect. For instance the mean tilt angle scales with initial eld strength as B ?5=4 0 (Fan et al. 1994 ). Random variations in B 0 will therefore give rise to 5 4 B 0 B 0 ; (Fisher et al. 1995) . If B 0 B 0 then in contradiction to observation; and if B 0 B 0 then the relation between and other quantities could not have been seen. Furthermore, this form of is proportional to , which itself varies strongly with latitude and weakly with d, in direct contrast to variations in the observed .
A certain class of anomalous tilt angles are of great interest, namely the \counter-Hale" { 28 { orientation of -spot groups which are known to be associated with the most violent of the Sun's are activity. It has been suggested that their anomalous tilt angles are caused by the eld aligned currents (i.e. twisted ux) which store free magnetic energy. In other words these anomalous tilt angles are not merely the tail of a statistical distribution. This would form a second source of tilt angle uctuation, the presence of currents, which our model has not considered. Further observations would be required to determine the magnitude of this e ect compared to hydrodynamic turbulence.
Finally, this study has provided one more instance in which observed properties of magnetic bipoles agree with a model of an isolated magnetic ux tube emerging through the solar CZ. The structure of the solar magnetic eld deep below the surface is di cult to study directly. In particular, the strength of the magnetic eld at the base of the CZ has been a reliable source of controversy. As theoretical models are further re ned, they provide a valuable tool for studying these issues. This calculation has found a magnetic eld strength, B 0 = 30 kG, in agreement with the results of other thin ux tube calculations (Fan et al. 1993; Fan et al. 1994) .
wavenumber are generated independently according to the same algorithm, presented here. Sometimes attributed to Uhlenbeck and Ornstein (Wax 1954) , this algorithm has been frequently used to generate random forcing for direct numerical simulations of driven turbulence (see e.g Fyfe et al. 1977 or Eswaran and Pope 1988) .
The function, W( ), is de ned to be piecewise constant over small intervals, $ 1, in its argument, , W( ) W n for n $ < (n + 1)$ ; 
where r n is a pseudo-random complex number generated with zero mean and unit variance, hr n i = 0 ; hjr n j 2 i = 1 :
The exact distribution of these random numbers is not important; for computational e ciency we use real and imaginary parts each uniformly distributed between ? p hjW n+1 j 2 i = hjW n ji = hjr n j 2 i = 1 :
The iterative procedure can be initialized to be always in that asymptotic regime either by choosing W 0 as a complex normal deviate or by beginning with W ?N = 0, where N$ 1, and applying eq. (A2) up to n = 0 to get W 0 .
Repeatedly applying eq. (A2) shows W n to be a weighted sum of the random numbers from the pseudo-random sequence, W n = p 1 ? e ?2$ r n + e ?$ r n?1 + + e ?j$ r n?j ] + e ?j$ W n?j : 
